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1. INTRODUCTION 
THE AIM of this paper is to provide examples of different 3-manifolds that have the same 
Reshetikhin-Turaev invariants z,, for all integers r. 
These invariants were studied by Kirby and Melvin [9]. They slightly modified them so 
that the resulting invariants r,(M) conjugate under orientation reversal and appear to be 
exactly the same as Witten’s invariants of M (see [19]) with the canonical 2-framing of 
Atiyah. Moreover, they found a formula for t,(M) in terms of the classical Jones poly- 
nomials of cables of L. 
The simplest examples are obtained by n-surgery on a pair of mutant knots (Corollary 
3.4), where n must be chosen large enough (it is not always obvious for a given knot how 
large n must be). 
With a little more work we obtain examples of pairs of knots for which all p/q-Dehn 
surgeries produce distinct pairs of 3-manifolds with the same r, invariants for all I 
(Corollary 5.6). These pairs are K # K and K # -K for a nonreversible, hyperbolic knot K, 
e.g. 8,,. Since K # K and K # -K, and their (p, q) cables have the same knot polynomials 
(i.e., Jones, Homfly or Kauffman) [14], then their corresponding 3-manifolds should also 
not be distinguishable by more general 3-manifold invariants based on current knot 
polynomials. 
Lickorish has also given examples of distinct 3-manifolds with all SU(2), invariants the 
same [12]. 
The paper is organized as follows. Section 2 recalls, after Kirby and Melvin, the formula 
for r,(M) in terms of the classical Jones polynomial. In Section 3 the first example (results of 
surgeries on mutants) is briefly discussed. Section 4 contains the proof that the result of p/q- 
surgery on a knot K, # K, is different than the result of p/q-surgery on K; # K;, for 
hyperbolic knots K,, K,, K;, K; with K, # K, # f(K; # K;). Section 5 contains the 
examples and some concluding remarks. 
2. T,(W 
Reshetikhin and Turaev defined their invariants of 3-manifolds via representations of 
certain quasitriangular Hopf algebras U, associated to the Lie algebra s1(2, C) and an r-th 
root of unity (see [15] and [16]). Rather than stating here the definition of these invariants, 
I shall use the formula derived by Kirby and Melvin, which expresses z, in terms of the Jones 
polynomial. All the formulas in this section are taken from [9]. 
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To describe z,(M), first fix some notation (cf. [9]). Fix an integer r > 1 and set: 
4 = exp(F), s = exp(G), t = exp(g). 
So 4 = s2 = t4. For any scalar k define: 
Use the multi-index notation, where k = (k,, . . . , k,), f(k) = nf(ki) and k < m if ki < mi 
for all i. 
So [k] = nl= 1 [ki], (F) = nl= l(z)r (- 1)’ = n( - l)ki and I:= 1 is the sum over ail k 
with 1 5 k, S m,. 
Any 3-manifold M may be obtained as the result of surgery on some link L in the 3- 
sphere S3 [lo], [18]. 
Orient the 4-ball B4 as the unit ball in C2. If L is a framed link (i.e., with integers assigned 
to each component) in S3, then L determines asmooth, oriented 4-manifold W, obtained by 
adding 2-handles to B4 along the components Li of L in S3 = aB4 (see [S]). The result of 
surgery on L in S3 is a 3-manifold M, = 8 W,. 
If L is oriented, let Li. Lj = Ik(Li, Lj) for i # j and let Li. Li be the framing on Li. Let oL 
denote the signature of the linking matrix of L defined above (equivalently it is the index of 
W,). Finally, let nL stand for the number of components of L. 
Define a cabling c of a framed link L to be an assignment of nonnegative integers ci to 
the components Li of L. The associated cable L’ of L is obtained by replacing each Li with ci 
parallel pushoffs using the framing, and deleting the components for which ci = 0. Orient L” 
compatibly with L so that the sum of pushoffs is homologous in a tubular neighborhood of 
Li to Li for odd ci or to 0 for even ci. 
Define L, to be the sublink of L consisting of components Li with ci odd. 
Consider now a variant FL of the Jones polynomial characterized by 
tmknot = 1 
d?.+ - ig- = (s - T)FLo 
where links L,, L_ and L, differ in one crossing as in the Fig. 1. 
Remark 2.1. FL is the specilization of the Homfly polynomial at (iq, i(S - s)). (see [ll]). 
Now we are ready to give the formula for the Reshetikhin-Turaev invariants z,. 
THEOREM 2.2. (Kirby-Melvin) If the 3-manifold M = M, for some oriented framed link L 
then: 
r-2 
(1) 
\ 
/ \ 
L+ 
Fig. 1. L,, L_ and L,. 
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where 
clL = (jsinF)l’exp(*ni( -3(ii 2))r 
and 
(r-e- 1)/Z 
(c>= 1 (-l)j[c+2j+l] ‘ij . 
j=o ( > 
The sum is taken over all cables c = (c,, . . . , c,J with 0 5 ci 5 r - 2. 
Proof: See [9]. W 
3. SURGERIES ON MUTANTS 
From Theorem 2.2 it follows immediately that any pair of 3-manifolds obtained by 
surgeries on links L, , L,, such that the Jones polynomials of all cables on L, and L, are the 
same, will have the same T, invariants for all r. 
Morton and Traczyk proved that (p, q)-cables of a mutant pair of knots cannot be 
distinguished by the Jones polynomial (see [13]). However, this fact does not hold for the 
2-variable polynomial. While it is irrelevant for z,, it might be significant for some new 
3-manifold invariants obtained from different quantum groups derived from Lie algebras 
other than s1(2, C). 
So, to obtain examples of distinct 3-manifolds with the same z, invariants, one has to 
look at the pairs of mutant knots and decide which integer surgeries on them produce pairs 
of nonhomeomorphic 3-manifolds. 
THEOREM 3.1 (Gordon). Assume that K and L are hyperbolic knots. If K and L are 
nonisotopic, then most n-surgeries on K and L are dtferent. 
Proof: If knots K and L are hyperbolic, then for sufficiently large n the results of n- 
surgeries on K and L are hyperbolic manifolds. Denote them by M(K, n) and M(L, n) 
respectively. Also, if n is big enough, then the core of the surgery is the unique shortest 
geodesic in M(K, n) (see [17]). The same is true for M(L, n). 
Assume now that n is large enough for all the above to hold. If M(K, n) = M(L, n), then 
they are also isomorphic, i.e. M(K, n) 2: M(L, n) as hyperbolic manifolds, by Mostow 
rigidity (see [17]). Any isometry preserves the shortest geodesic. Thus S3 - K = M(K, n)- 
shortest geodesic = S3 - L. In other words, knots K and L have homeomorphic comple- 
ments. Thus K = L by Gordon-Luecke theorem (see [3]). n 
COROLARY 3.2. Let K and L be mutant hyperbolic knots. Let M(K, n) and M(L, n) denote 
the results of n-surgeries on K and L respectively. Then for most n, M(K, n) and M(L, n) are 
not homeomorphic, but 
z,(M(K, n)) = T,(M(L, n)). 
Proof It follows immediately from Theorems 2.2 and 3.3, and from Morton-Traczyk 
result [13]. n 
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4. CONNECTED SUMS OF HYPERBOLIC KNOTS 
Przytycki (see [14]) showed that no polynomial invariant (Jones, 2-variable or Kauff- 
man) can distinguish (p, q)-cables of K, # K, and K 1 # -K,, where -K denotes knot K 
with reversed orientation. This also follows from the work of Lickorish (see [l 11). To study 
the next family of examples one needs to establish when n-surgeries on K # K will give 
different 3-manifolds than n-surgeries on K # -K. It turns out (Corollary 5.6) that if K is a 
nonreversible hyperbolic knot, then every integral surgery will yield a pair of distinct 3- 
manifolds. Recall that a knot K is nonreversible if K # -K. 
In fact one can prove the following, more general theorem. 
THEOREM 4.5. Let K,,K,,K;,K; be hyperbolic knots. Assume that 
K, #K, # K; # K; and that K, #K, # - (K; #K;). Then for all p, q with q # 0, the 3- 
manifold M obtained by pjq-surgery on K1 # K2 is not homeomorphic to the 3-manifold M’ 
which is the result of p/q-surgery on K; # K;. 
Proof: Let K, and K, be hyperbolic knots, let K, = K, # K,, and let S be a 2-sphere 
from the connected sum decomposition of K, (see Fig. 2). N(K,) denotes a regular 
neighborhood of K,, with meridian p and longitude 1. 
Let m and 1 denote meridian and longitude (respectively) on the boundary of a solid 
torus T glued in by Dehn surgery. The p/q-surgery is described by the matrix 
( > 
’ r with 
4 s 
det ’ r 
( > 4 s 
= 1. This means that images of m and 1 are given by the following formulas: 
f(m)=p.p+q.J,f(l)=r.p+s.2 
where f: 8T + 8(S3 - N(K,)) is the glueing homeomorphism. Since 
(: :)-I=( -; -;)y 
we can express p in terms of m and 1 in the following way: 
p = s.m - 4.1. 
Denote the annulus S - N(K,) by A. Observe that a(N(K,)) u A is a trivial S’-bundle 
with meridian p of K, as a fiber. Its regular neighborhood is a Seifert manifold W. In fact, W 
is a product of a disk with 2 holes and of a circle (see Fig. 3). 
Fig. 2. N(K,) v S. 
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xs 
Fig. 3. W. 
When we perform a p/q-surgery on K,, we glue T to one of the boundary components of 
IV. After sewing in T the resulting manifold w will still be Seifert-fibered unless we glue a 
meridian disk to the fiber. Since p is the fiber of W and 
p = s.m - 4.1. 
as stated above, @ = W u T will be Seifert-fibered if q # 0 (i.e., when we do not get back S3 
after the surgery). Moreover, if q > 1, ti has one exceptional fiber of multiplicity q, namely 
the core of the surgery. If q = 1 (i.e., for all surgeries with integer coefficients), I? has no 
exceptional fibers and, it is easy to see that in this case fi = S’ x S’ x I. 
Case 1. q> 1 
Let M denote the result of p/q-surgery on K,. Observe that M - K is a disjoint sum of 
two hyperbolic knot complements, i.e.: 
M - tit= (S3 - K,)u(S3 - K2). 
So J@ is a characteristic Seifert manifold for M. 
Repeat the above reasoning for knots K;, K;, getting M’ with the characteristic Seifert 
manifold I?. 
If M and M’ were homeomorphic, then any homeomorphism 
h:M+M’ 
would preserve characteristic Seifert manifolds by the JacoShalen-Johannson decomposi- 
tion theorem (see [S], [6] or [7]), i.e., h( m = i?‘. Since a@ # 0 and fiis not homeomorp- 
hit to D2 x S’, S’ x S’ x I, nor to a twisted I-bundle over the Klein bottle, h restricted to W 
would be isotopic to a fiber-preserving homeomorphism (see [S]). In particular, h would 
preserve an exceptional fiber. So h would take the complement of K, # K, onto the 
complement of K; # K;. But since 
K,#K,fK;#K;, 
their complements cannot be homeomorphic by 
Therefore 
M#M’. 
Case 2. q = 1. 
the Gordon-Luecke theorem (see [3]). 
In this case, the characteristic Seifert manifold is fi = S’ x S’ x I. As one can easily 
observe 
M- E=(S~-K~)LJ(S~-K~), 
TOP 32:1-D 
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and M is constructed 
torus. More precisely 
where 
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by glueing these two knot complements along the incompressible 
T, = a(s3 - K,), TV = a(s3 - K~). 
On T, (as well as on TJ we have a natural choice of a meridian and longitude. Denote the 
meridians and longitudes of Tl and T, by pl, ;I, and pz, A, respectively. 
To see how the manifold M is put together from its pieces 
M = (S3 - Kl)u T~=SI~SI~&XS~XZU z2=s~xS,x1ij(S3 - Kz) 
describe the matrix identifying pi, II, with pz, 1, (see Fig. 4). 
Recall that W is a regular neighborhood of a(N(K, # K,) u A). It has three boundary 
components (all tori): T,, T, and a(N(K, # K,)). @is obtained W by glueing solid torus T 
to a(AJ(K, # K,)) by a matrix 
( 1 
i 6 . If we denote by I, an arc which is the piece of 1, 
lying outside the thickened annulus A x Z then together with two small intervals in A 
x I( { pi} x Z where pi and pz are the endpoints of 1, ) and with respective arc 1z and with p. ,u 
it bounds a disk D in @. Obtaining I? from W means adding a whole circle worth of such 
disks (S’ x B2 = T). Observe now that the piece of 1, lying in the thickened annulus A x Z 
and respective piece of & together with arcs {pl x Z} and {pz x I} also bound a disk in l#? 
Thus A, and -II, - p. p are two boundary components of an annulus in S’ x S’ x Z = l@ 
(see Fig. 5). 
Therefore (pi, A,) E T1 and (pz, A,) E T2 are glued by # = T2 x Z using a matrix 
A1 = -Izz - p’pz. 
The same is true for the manifold M’ 
Suppose now that M and M’ were homeomorphic 
h: M -+ M’. 
by 
Fig. 4. T, is marked by curvy line. 
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Fig. 5. L,u - I., - p’p = d(S’ xl). 
Then (possibly after an isotopy) h preserves the characteristic Seifert manifold fi, i.e. h(S’ 
xS’xl)=S’xS’xl.Thuseitherhsplitsto 
h,:S3-KI+S3-K;,ht:S3-KZ+S3-KK; 
or to 
h,:S3-KI-+S3-KK;,hz:S3-Kz+S3-KK; 
Consider the first case. Note that h,(l,) = *A; (since Ai is null homologous in 
S3 - K, ), Images of A,, p1 under h, can be described by matrix 
(‘Ii ,:> 
for some integer 1. But then the images of &, p2 under h2 are given by 
This implies that either K, = K; and K, = K; or K, = -K; and K, = -K;. This is 
impossible since K, #K, # +(K; #K;). 
It is easy to check that in the second case (when h(S3 - K,) = S3 - K; and h(S3 - K,) 
= S3 - K;) we must have either K, = K; and K t=K;orK1= -K;andK>= -K’,. 
Thus A4 and M’ cannot be homeomorphic. n 
5. CONCLUSION 
Theorem 4.1 has an immediate consequence. Denote by M(L, n) the result of n-surgery 
on a knot L. 
COROLLARY 5.1. Let K be a nonreversible hyperbolic knot, e.g., 8,, (see [4], [I]). For any 
integer n, 
M(K # K, n) # M(K # -K, n) 
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but 
z,(M(K # K, n)) = z,(M(K # --K, n)) 
forallr>l. 
It would be interesting to generalize 4.1 for all knots. 
n 
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